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We present the most general static, spherically symmetric solutions of het- 
\ erotic string compactified on a six-torus that conforms to the conjectured 

CN ■ "no-hair theorem", by performing a subset of 0(8,24) transformations, i.e., 

(y-j ■ symmetry transformations of the effective three-dimensional action for sta- 

0^ ■ tionary solutions, on the Schwarzschild solution. The explicit form of the 

^ . generating solution is determined by six SOCl, 1) C 0(8, 24) boosts, with the 

zero Taub-NUT charge constraint imposing one constraint among two boost 
parameters. The non-nontrivial scalar fields are the axion-dilaton field and 
■ the moduli of the two-torus. The general solution, parameterized by uncon- 

!> ■ strained 28 magnetic and 28 electric charges and the ADM mass compatible 

with the Bogomol'nyi bound, is obtained by imposing on the generating solu- 
tion [SO {6) x SO (22)] /[SO (4) x 50(20)] C 0(6,22) (T-duality) transforma- 
tion and SO (2) C SL(2,R) (^-duality) transformation, which do not affect 
the four-dimensional space-time. Depending on the range of boost parame- 
ters, the non-extreme solutions have the space-time of either Schwarzschild or 
Reissner-Nordstrom black hole, while extreme ones have either null (or naked) 
singularity, or the space-time of extreme Reissner-Nordstrom black hole. 
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I. INTRODUCTION 



The black holes of the effective four-dimensional, heterotic string theory compactified on 
a six-torus Q have been the subject of active research, since they may shed light on 
quantum aspects of black holes as well as on the role such non-perturbative configurations 
may play in the full string dynamics. 

In the past a class of such black holes with special charge configurations [l|-f]U were con- 
sidered and, in particular, all the electrically charged stationary black holes were constructed 
0. Recently, progress has been made in constructing a more general class of BPS-saturated 
H and non-extreme [|TIJ] dyonic static, spherically symmetric black holes, which contain the 
previously constructed static spherically symmetric configurations as special cases. 

Such dyonic black holes correspond to configurations with 28 electric and 28 magnetic 
charges of the U(l) 28 gauge symmetry, which are subject to one constraint. The 'generating 
solution' for this class of solutions is parameterized by two magnetic and two electric charges 
of U(l)i M x U(l)2 E x U(l)f' M x U(l)^ E gauge group. Here the superscripts (1,2) denote 
the Kaluza-Klein and two- form gauge group factors, respectively, and the subscripts (1, M) 
and (2, E) denote the magnetic and electric charges associated with the gauge factors of the 
first and second compactified coordinates, respectively. Namely, the electric and magnetic 
charges arise from gauge factors associated with different compactified coordinates. The 



explicit form of this generating solution for the BPS-saturated || and non-extreme flO 
configurations was obtained by solving directly the corresponding Killing spinor equations 
and the second order Euler-Lagrange equations, respectively. 

The general configurations in this class are then obtained by imposing fifty [5*0(6) x 
50 (22)]/ [50 (4) x 50(20)] c 0(6, 22) symmetry transformations and one 50(2) C SL(2, R) 
transformation on the generating solution. Here, 0(6,22) and SL(2,R) correspond to the 
T-duality and 5-duality symmetries of the four-dimensional effective action, which do not 
affect the four- dimensional space-time metric. Thus, along with the four charge parameters 
of the generating solution, the subsequent T- and 5-duality transformations introduce 51 
new charge degrees of freedom. General solutions in this class are then specified by the 
ADM mass (compatible with the Bogomol'nyi bound) and by 28 electric and 28 magnetic 
charges which are subject to one charge constraint, i.e., there is one charge degree of freedom 
missing. On the other hand the most general, static, spherically symmetric configuration, 



consistent with the conjectured "no-hair theorem" Q ]T2], should be parameterized by the 
ADM mass and 56 unconstrained charges. In order to obtain such configurations one has 



1 For an overview see, e.g., Ref. [1C] and references therein. 



2 In Ref. [11] it was shown that the BPS-saturated generating solution is an exact string solution 



by proving the conformal invariance of the corresponding cr-model. 

3 The content of the no-hair theorem would ensure that each black hole type solution would be 
uniquely specified by its mass, angular momentum and a set of conserved (electric and magnetic) 



charges. Such a theorem has not been proven in general and was studied in Ref. []12[ only within 
special theories like pure Einstein gravity or Einstein-Maxwell gravity and that only for configu- 
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to start with a generating solution, whose charge configuration is parameterized by five 
parameters. 

The purpose of this paper is to complete the program by obtaining the explicit form 
of the generating solution for all the static, spherically symmetric configurations of the ef- 
fective heterotic string theory compactified on a six-torus, compatible with the conjectured 
no-hair theorem. We shall employ a solution generating technique by which new solutions 
are obtained by performing symmetry transformations on a known solution. The symmetry 
transformations employed are those of the effective three-dimensional action for the station- 
ary solutions of the toroidally compactified string. Related solution generating techniques 
were used to obtain the explicit form of a general class of stationary solutions in dilaton- 
Maxwell-Einstein gravity fl4]Jl5|l , all the static spherically symmetric black hole solutions 
of Abelian Kaluza-Klein theory [] as well as all the electrically charged rotating black hole 
solutions of the heterotic string compactified on a six-torus @. The solution generating 
technique to obtain the most general class of static, spherically symmetric solutions of het- 
erotic string compactified on a six-torus was already anticipated in Ref. J7). In this paper 
we provide an explicit realization of the symmetry transformations and an explicit form of 
the generating solution. 

The effective three-dimensional action for heterotic string compactified on a seven-torus 



rations with regular horizons, i.e., it does not apply to configurations with naked singularities or 
singular horizons. Nevertheless, we assume that the no-hair theorem exists and can be applied 
also to the black hole type solutions of the low energy effective action of toroidally compactified 
heterotic string. See, for example, Ref. p8|, where anti-gravitating black holes with scalar hairs 
were studied within N = 8 supergravity, which contains scalar fields as well as gravity and vector 
fields. Since such scalar hairs are, in general, functions of U(l) charges and the ADM mass, our 
position is that in the broad sense the no-hair theorem is not violated in this and other related 
cases. Note also that some of the extreme solutions presented here have naked singularities or 
singular horizons, and thus general considerations of the no-hair theorem do not apply to such 
cases. 



i 



The most general four-dimensional static spherically symmetric solutions of the (4 + n) 



dimensional Abelian Kaluza-Klein theories, as anticipated in Ref. [16], was obtained |17j by ap- 
plying a specific subset of SO(2,ri) symmetry transformations of the three-dimensional effective 
action on Schwarzschild solution. The explicit form of the generating solution, parameterized by 
four dyonic charges of U(l)\ x [7(1)2 gauge factors of the first and second compactified direc- 
tions, was obtained by applying four 50(1,1) C 50(2, ra) boosts to the Schwarzschild solution 
with zero Taub-NUT constraint imposing one constraint on two boost parameters, or equivalently, 
the four charges of the generating solution subjected to one constraint. (It was observed in Ref. 
|i"8fl that such a boost transformation induces charges of the Kaluza-Klein U(l) gauge field within 
the context of the five-dimensional Kaluza-Klein theory.) The most general solution, specified by 
the ADM mass and unconstrained n-magnetic and n-electric charges of U(l) n gauge symmetry, is 
then obtained by imposing 2n — 3 SO(n)/SO(n — 2) C SO(n) transformations, i.e, target space 
symmetry transformations of the four-dimensional action, on the generating solution. 
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was given in Ref. [19|, where it was shown to have a symmetry larger than the direct prod- 



uct of the three-dimensional target space T-duality 0(7, 23, R) and the four- dimensional 
5-duality SL(2,R). Namely, since SL(2,R) symmetry in four-dimensions does not com- 
mute with 0(7,23) symmetry in three-dimensions, these two symmetries generate a larger 
symmetry group 0(8,24) in three dimensions. 

In order to obtain the explicit form of the general generating solution, we shall impose 
six S0(1, 1) C 0(8, 24) boost transformations on the Schwarzschild (neutral) black hole so- 
lution. The three boosts 50(1, 1) C 0(7, 23) on the Schwarzschild solution generate |7j only 
electric charges. In fact, the three additional boosts 50(1, 1) C 0(8, 24)— 0(7, 23) induce the 
necessary magnetic charges. The two 'magnetic' and two 'electric' boosts yield the previous 
generating solution with the charge configuration of U(l)i M x U(\)% E x U(l)i M x U(1)^ E 
gauge group. The zero Taub-NUT constraint imposes one constraint among the two left-over 
boosts. Thus, the generating solution is specified by a five-parameter charge configuration 
(associated with the first two compactified dimensions), and the non-extremality parameter 
(related to the Schwarzschild black hole mass), which parameterizes a deviation of the ADM 
mass from the supersymmetric limit. The most general solution is then obtained by impos- 
ing fifty [50(6) x SO (22)] /[SO (A) x 50(20)] C 0(6,22) (four-dimensional T-duality) and 
one 50(2) C SL(2, R) (5-duality) transformations, which do not affect the four-dimensional 
space-time metric. 

In chapter II, we summarize the four-dimensional (chapter Ha) and three-dimensional 
(chapter lib) effective actions of heterotic strings on a six-torus and a seven-torus, respec- 
tively, and give the relationship (chapter lie) between fields of the three-dimensional and 
four-dimensional effective actions for the case of the static, spherically symmetric configura- 
tion. The solution generating technique with the explicit set of symmetry transformations is 
discussed in chapter Ilia, and the explicit form of the generating solution for all the static, 
spherically symmetric black holes (compatible with conjectured no-hair theorem) of the het- 
erotic string compactified on a six-torus is given in chapter Illb. The global space-time 
structures and thermal properties of such solutions are discussed in chapters IVa and IVb, 
respectively. Conclusions are given in chapter V. 



II. ACTION OF HETEROTIC STRING ON A SIX-TORUS AND A 

SEVEN-TORUS 



For the purpose of fixing the notations, we first summarize (see Refs. flT5|,|2"0"[ and refer- 



ences therein) structure of the effective three-dimensional and four-dimensional field theories 
of heterotic string compactified on a seven-torus and a six-torus, respectively. In addition 
we shall give the relationship between the fields of the effective three-dimensional and four- 
dimensional actions for the four-dimensional static, spherically symmetric configurations. 

The starting point is the effective field theory of heterotic string in ten-dimensions, which 
is described by the N = 1 supergravity theory coupled to N = 1 super Yang-Mills theory 
in ten-dimensions. At generic points in the moduli space of heterotic string, the massless 
bosonic fields are given by Gmn, Bmn, A t m and $ (0 < M, N < 9, 1 < I < 16), which 
correspond to the graviton, two-form field, U(l) 16 part of the ten- dimensional gauge group, 
and the dilaton field, respectively. The ten-dimensional action of these massless bosonic 



4 



modes is given by 



C = \Td[K d + G MN d M $d N <S> - ±HmnpH MNP - lFl IN F IM % (1) 

where G = det Gmn, T^g * s ^ ne R-icci scalar of the metric Gmn, F mn = ®mA n ~ 9nA m 
and Hmnp = 9mB np — \A M F^p + eye. perms, are the field strengths of A l M and B MN , 
respectively. We choose the mostly positive signature convention ( — {-+■■■+) for the metric 
Gmn- 



A. Effective Four-Dimensional Action 



We parameterize the solutions in terms of fields in effective four-dimensional heterotic 
string on a six-torus p0|,|7|, whose action is obtained by dimensionally reducing (H) on a 



six-torus down to four- dimensions. One uses the following Kaluza-Klein Ansatz for the 
metric: 

( e^a +G 4( 1 )"M( 1 ) n A^ m G \ 
u mn - AWnr r ' W 

where A^ m (fj, = t, r, 6, (ft; m = 1, 6) are four- dimensional Kaluza-Klein U(l) gauge fields 
and ip = $ — ^ln det G mn is the four-dimensional dilaton field. The effective four- dimensional 
action is specified by the following massless (four-dimensional) bosonic fields: the (Einstein- 
frame) graviton g^, the complex scalar field (dilaton-axion field) Q S — ^ + ie _</3 , 28 U{1) 
gauge fields 4 = {A^.A^Af 1 ) defined as Af m = B, m + B mn Af n + ^A^ 1 , 
A® 1 = A 1 ^ — A^A^" 1 , and the following symmetric 0(6,22) matrix of the scalar fields 
(moduli): 



M 



( G- 1 -G~ l C -G- 1 ^ 

-CFG- 1 G + C T G- 1 C + a T a C T G~ 1 a T + a T | , (3) 
V -aG- 1 aG- l C + a I + aG~ x aF 



where G = [G mn ], C = [^A^JA^' + B mn ] and a = [A^] are specified in terms of the internal 
parts of ten-dimensional fields. The effective four-dimensional Lagrangian takes the form [] 

ma: 



c 



(4) 



5 'J is the axion which is equivalent to the two- form field B^ v through the duality transformation 

6 We set a' = 2, the four-dimensional Newton's constant Gn = |«' = j and the compactification 
radii R m = \foJ = y/2. 
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where g = det g^ u , !Z g is the Ricci scalar of g^, and T 1 ^ = d^A l v — d u A % ^ are the ?7(1) 28 gauge 
field strengths. The four-dimensional effective action (|j) is invariant under the 0(6,22) 
transformations (T-duality) [ pT] , pO| : 

M^QMQ T , 4^fiy-4, g^^g^, S^S, (5) 

where Q is an 0(6,22) invariant matrix, i.e., with the following property: 



n T m = l, l = j 6 o o , (6) 




where J n denotes the n x n identity matrix. 

In addition, the corresponding equations of motion and Bianchi identities are invariant 
under the SL(2,R) transformations (^-duality) pOfl : 

aS + b 
cS + d' 



S M^M, g^^g^, ^ - (ctt + d)^ + ce'^ML)^, (7) 



where JP^ V = 2 j_ g £ ftvpc T F pa and a,b,c,d e _R satisfy ad — be = 1. At the quantum level, 
the parameters of both T- and 5-duality transformations become integer-valued, corre- 
sponding to the exact symmetry of the perturbative string theory and the conjectured non- 
perturbative symmetry of string theory, respectively. 



B. Effective Three-Dimensional Action 

The dimensional reduction of the ten-dimensional action (JJ) on a seven-torus down to 
three dimensions can be achieved by the following choice of the Kaluza-Klein Ansatz 
for the metric: 



/ p 2tpu i_ n _ _ Am \n Amn__\ 

^mn - l jfi^Y r_ ) ' (?) 

where (p = $ — |lndetG mfi (fh,n = t, 1,...,6 = 1,...,7) is the three-dimensional dilaton 
and A™ (p, = r,6,<fi) are the three-dimensional Kaluza-Klein U(l) gauge fields. The three- 
dimensional action for massless (three-dimensional) bosonic fields contains the following 
fields: the graviton h m the dilaton <p, 30 17(1) gauge fields A\ = (Af, Af +I ) defined 

as A 7 +™ = Bprn + BrnnAl + \ A^A 1 ^ 1 and Af +I = Al - A^Af with the field strengths 
Tp\ v = dfiAy — dpA 1 ^, the two- form field f\, and the following symmetric 0(7, 23) matrix 
of scalar fields: 



M 



( G- 1 -G- l C -G- l d T 

-CFG' 1 G + C T G- 1 C + d T a C T G~ 1 a T + a T | (9) 
V -aG- 1 aG^C + a I + aG' 1 ^ 



Since in three-dimensions B^p has no physical degrees of freedom, its field strength H^p can be 
set to zero. 
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defined in terms of internal parts G = [G mn \, C = [^A^A^ + Bfnn] an d & = [^4] °f the 
ten-dimensional fields. 

The resulting three-dimensional action is invariant under the 0(7,23) transformations: 

■M - ClMff, 4^%4> hp* ^ hi*>, ^ B^, Cp^Cp, (10) 
where Cl e 0(7,23), i.e., it has the following property: 



nm T = l, L=\ i 7 o o . (ii) 




At the quantum level 0(7, 23) becomes integer valued, and is the T-duality symmetry group 
of the perturbative heterotic string theory on a seven-torus. 

Since in three- dimensions vector fields are dual to scalar fields, one can make the following 
duality transformations to trade the three-dimensional £7(1) fields Ap with a set of scalar 
fields ip = [#] P|: 



-he- 2 *h m 'h D "\ML) Tj Tl, P , = le^dpijf. (12) 



Then the three-dimensional action reduces to the following form [IS 



£ = \V^h [K h + lh^Tr(dpMLd p ML)}, (13) 

where h = det hp„, TZh is the Ricci scalar of the three-dimensional metric hpp. M. is a 
symmetric 0(8,24) matrix of three-dimensional scalar fields defined as 



M 



( M — e 2 ^ T e 2 ^ MLip - \e 2 *^(ip T L<ip) 

e 2 ^ T -e 2 ^ \e 2 *i\) T li\) 

\ c'l.M - le 2 ^ T (ifj T Lilj) \e 2 ^i) T Li) -< -•' + t J I.MI.r - \<-(c'l.c) 

The action is manifestly invariant under the 0(8,24) transformations: 

m -> nMn T , hp, -> hp P , (15) 

where O G 0(8,24), i.e., 



OLfJ T = L, L = 1 . (16) 




Within the effective field theories described above, we shall be interested in four- 
dimensional static, spherically symmetric configurations. The relationship between such 
fields of the three-dimensional action (|T^) and the four-dimensional action (^) are given in 
the following subsection. 



7 



C. Relationship Between the Fields of the Three- and Four-Dimensional Actions 

For the static, spherically symmetric configurations the four-dimensional (Einstein frame) 
space-time metric has the following form: 

g^dx^dx" = -\{r)dt 2 + A(r)^ 1 dr 2 + R{r){d6 2 + sm 2 6d<f) 2 ), (17) 

and the four- dimensional scalar fields in M (cf. (|3|)), i.e., moduli, and the dilaton-axion field 
S — \& + ie - ^ depend on the radial coordinate r, only. 

The spherical symmetry implies that 28 A 1 vector potentials have non-zero t and com- 
ponents, whose asymptotic values (r — > oo) specify the electric and magnetic charges, respec- 
tively. The Maxwell's equations and Bianchi identities determine the U(l) field strengths 
to be 

r H = Lijf3j sin 6, T\ T = < -^-M tJ {a 3 + (18) 

where a and (3 correspond to the conserved (quantized) 28 electric and 28 magnetic charge 
vectors, and L is defined in (H). 

The physical magnetic and electric charges 

P ee (P«; P£h Pf), Q ee gg?; Q? >), (19) 

are related to the conserved (quantized) charge vectors a and /? in the following way: 

P = Lijp, , Q< = e v °°M ijoo (a 3 + ^j), (20) 

where the subscript oo refers to the asymptotic (r — > oo) values of the corresponding fields. 
The corresponding three-dimensional space metric takes the form: 

h w dx»dx v = dr 2 + R(r)(d6 2 + sin 2 #d0 2 ), (21) 

where the four-dimensional metric components are related to the three-dimensional ones as 
R = XR. The three-dimensional scalar fields in M. (cf. fll4])) depend on the radial coordinate 
r, only. 

For static, spherically symmetric configuration described above, the four- dimensional 
fields are related to the three-dimensional fields in the following way: 

Gmn G^l+m,l+7i) B mn Px_|_ mj x_|_ n , Q, m fl^^ m , 

ip = (p + \ [In det Gfan - In det G mn ] , A = e _VP [det G^/det G mn ]^ , R = R/X, 

A W m _ r< mn ri A^)m _ n mn Jmri a( 3 ) 1 _ ^1 „I /iC 1 )" 1 

— <_r Lrij+n,, /i^ — Ur /i^ Lr^l+n, /i t — a 1 — U m /i t , 

,(3)/ _ 714+7 / « _ 7 4 (l)m ,(2) _ „ „ , (1) n , 1 7 4 (3) I 

/l(2) _ 48+m _ n _ 1 / 4 14+7 , d A W n 1 1 „I A ( 3 ) 7 

D _ 4(8) _ 5 An _ 1-77(14+/) 1/ A\)rn A2) ,(1) m ,(2) x 4 (l)m R 4(1)" /™x 
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III. SOLUTION 



In this chapter we first spell out the solution generating technique, and the explicit 
sequence of symmetry transformations imposed on the Schwarzschild solution. Then we 
give the explicit form of the generating solution. We further spell out the T- and 5-duality 
transformations on the generating solution, thus yielding the most general solution specified 
by 28 electric and 28 magnetic charges and the ADM mass. Finally, we compare the special 
cases of this general solution with existing examples in the literature. 



A. Solution Generating Technique 

An arbitrary asymptotic value of the scalar field matrix M. can be transformed into the 
form 

6 22 

= diag(-l,CTl, -1,C^1, -1, -1) = h,28 ( 23) 

by imposing an 0(8,24) transformation, i.e., — > flMooff = / 4i2 8 (fi G 0(8,24)). 

Thus, without loss of generality we can confine the analysis by choosing the asymptotic 
value of the form Aioo = I±,28 and, then, obtain the solutions with arbitrary value of A^oo 
by undoing the above constant 0(8, 24) transformation. Then, the subset of 0(8, 24) trans- 
formations that preserve this asymptotic value for M. is SO (8) x 5*0(24) 0. 

The starting point of generating the static, spherically symmetric solutions with the most 
general charge configurations is the following three-dimensional form of the Schwarzschild 
black hole solution |: 

6 22 

M = diag(-^, 17^1, TT^l, -™), (24) 

and the three dimensional space metric (|21| ) is specified by R = r(r — m). Here, m is the 
ADM mass of the Schwarzschild black hole. 

The subset of 0(8, 24) transformations that generate new solutions from fl2"4|) is the quo- 
tient space [0(22,2) x 0(6, 2)]/[0(22) x 0(6) x 50(2)] §, where 50(2) is the subset of 
5L(2, R) transformation in four- dimensions that preserves the asymptotic value 5^ = i as 
discussed in the previous footnote. The quotient space is parameterized by 57 parameters. 



"Similarly, the arbitrary asymptotic values of the four-dimensional moduli matrix M and the 
dilaton-axion S can be brought into the form = I2S and Soq = i by using constant 0(6, 22) and 
SL(2, R) transformations, respectively. The subsets of four-dimensional symmetry transformations 
which preserve these asymptotic values are SO(6) x 50(22) and S0{2), respectively. 

9 To obtain the most general rotating charged black hole solution one imposes the same subsets 
of 0(8,24) transformations on the Kerr solution. For the sake of simplicity we confined ourselves 
to the static solutions, only. 



9 



One has to notice that in imposing a subset of 0(8, 24) transformations on the Schwarzschild 
solution, in general, one induces the unphysical Taub-NUT charge. To remove unphysical 
Taub-NUT charge one has to impose one constraint among the parameters of 0(8, 24) trans- 
formations. Therefore, these subsets of 0(8, 24) transformations, subject to zero Taub-NUT 
charge constraint, introduce 56 new charge degrees of freedom, which correspond to un- 
constrained 28 magnetic and 28 electric charges. Those are the necessary charge degrees 
of freedom specifying the most general static black hole solutions of heterotic string on a 
six-torus, compatible with the conjectured no-hair theorem. 

We shall proceed with the following sequence of the symmetry transformations. In 
order to obtain the explicit form of the generating solution we shall apply six necessary 
50(1,1) C 0(8,24) boost transformations on the Schwarzschild solution, which would 
yield, after imposing the zero Taub-NUT constraint, the generating solution specified by 
five parameter charge configurations. We then impose on the generating solution the 
[SO (6) x SO (22)]/ [SO (4) x SO (20)] and SO (2) transformations, i.e., the subsets of T- 
and 5-duality transformations, which do not affect the four- dimensional space-time. Thus, 
one in turn obtains the most general configuration specified by the mass and unconstrained 
28 electric and 28 magnetic charges of £7(1) 28 gauge group. 



B. Explicit Form of the Generating Solution 



For the purpose of obtaining the explicit form of the most general solution, it is convenient 
to first impose four successive 50(1, 1) boosts Sl p i yP 2, q i,q2 on the Schwarzschild solution 



with boost parameters S p i,5 P 2,5 q i,S q 2, 



which generate non-extreme ?7(1)^ M x {/(l)^ 
U(1)^ M x U(1)^ E solution [JTTJ. The boost transformation f2 pl has the following form: 



x 



»(2) 



/l 



ft 



pi 



V 



cosMpi 



sinM, 



■pi 



cosh5, 



pi 



-sinM, 



Pi 



'21 



— sinh<5. 



sinMp! 



pi 



cosMpi 



(25) 



cosMp! / 



where the dots denote the corresponding zero entries and Q P 2 has the analogous form with 
the non-trivial entries (with positive signs in front of sinh's) in the {9th, 32nd} and (with 
negative signs in front of sinh's) in the {2nd, 31st}, columns and rows. Q q i [^2] has the 
non-trivial entries (with positive signs in front of sinh's) in the {8th, 10th} [{1st, 10th}} and 
(with negative signs in front of sinh's) in the {1st, 3rd}, [{3rd, 8th}] columns and rows. 

This solution has among 28 magnetic P and 28 electric Q charges (cf. (|I~9D ) only four 
non-zero charges of the Kaluza-Klein and two-form gauge fields, which are associated with 
the first two compactified directions, only. The two magnetic and the two electric charges 
arise from different compactified directions. Namely: 



Pi = msinh<5picosh<5 p i = Pi, Q\ 



(i) 



0. 



P 



(i) 



0. 



= mcosh5qism\i5 q i = Q 



i- 
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P^ 1 = msmh.Sp2Cosh.5p2 = P 2 , Qi = 0, 

P 2 (2) = 0, Q { 2 2) = mcosh5 q2 smh8 q2 = Q 2 , (26) 

and the ADM mass given by 

M ADM = P 1 + P 2 + Q 1 + Q 2 , (27) 

where the hated quantities are defined as P\ = ±yj (Pi) 2 + (3 2 , etc. The signs ± in the 
definitions of the hated quantities are determined [TI| by the requirement that the above 
ADM mass formula approaches the Bogomol'nyi bound: 

M BPS =\P 1 + P 2 \ + \Q 1 + Q 2 \, (28) 

as (3 — > 0. Here /3 = m/2>0is the non-extremality parameter that measures a deviation 
from the supersymmetric limit. In the extreme (supersymmetric) limit (/?—>• 0), one takes 
8p\ >P 2,qi,q2 — > 00 in a way that /3e 2<5j,1 ' J,2 ' 9l ' (?2 become finite parameters, in order for charges 
P\,2i Qi,2 to remain non-zero. Note, that when the relative signs of the P\ y2 (and Qi,2) 
parameters are opposite the corresponding non-extreme solutions are ultra-extreme ||10|| , 
i.e., their ADM masses are not compatible with the Bogomol'nyi bound (their ADM masses 
are smaller than the BPS mass), and thus are not in the spectrum of states. 

We shall concentrate on non-extreme (regular) solutions, i.e., those which reduce to the 
BPS solutions with the same relative signs for P\^ (and Q\p) in the supersymmetric limit, 
and consequently P\ = +yj (Pi) 2 + (3 2 , etc Q 

The explicit form of the above solutions was given in Ref. [|IIJ] by directly solving the 
Euler-Lagrange equations. Here, the same solution is obtained by the solution generating 
technique specified by the four boost parameters 8 p i )P 2,qi,q2 an d ra, or equivalently by four 
charge parameters P\,P2,Qi,Qi and the non-extremality parameter f3. This solution now 
provides an intermediate step on the way to obtain the generating solution with the charge 
configuration specified by five parameters and the non-extremality parameter. 

The missing one more charge degree of freedom can be obtained by performing on the 
above solution two more SO(l, 1) C 0(8,24) transformations, parameterized by two boost 
parameters 5^2- The corresponding fix [Q 2 ] has the nontrivial entries (with positive signs 
in sinh's) in the {1st, 2nd} [{3rd, 31st}] and (with negative signs in sinh's) in the {8th, 9th} 
[{10th, 32nd}] columns and rows. 

The above two boosts do introduce two new charges, i.e., P 2 ^ and Q[ , as well as the 



10 There are also hybrid solutions |K| with the opposite relative signs for one type of 
charges, say, magnetic ones with |Pi| > \P2\, and the same relative signs for the other 
type of charges, i.e., electric ones. These solutions are singular, however, the non- 
extreme solutions satisfy Madm > Mbps and, therefore, are in the spectrum, provided 
V(Pi) 2 + (3 2 (WCP2) 2 + P 2 + V V(Qi) 2 + P 2 + V V(Q2) 2 + P 2 ) > 1. This constraint can be 
satisfied only for a restricted range of j3 and charge parameters. 
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(unphysical) Taub-NUT charge Q. The Taub-NUT charge can be eliminated by imposing 
the following constraint on the boost parameters 8\ 2 : 



P x tanh5i — <52tan<5 2 = 0. 



(29) 



Without loss of generality, we assume that Q 2 > Pi and then S 2 is expressed in terms of 
Sx as Q: 



cosh<5 2 = Q2 c osh5i/A, sinh£ 2 = Pisinh^/A, 



(30) 



where A = sign(Q 2 ) y (Q 2 ) 2 cosh 2 5i — (Pi) 2 sinh 2 5i. 

The final form of the generating solution (with zero Taub-NUT charge), expressed in 
terms of the four-dimensional fields, as specified in Section Ha and related to the fields of 
the three-dimensional action through fl2~l|) and (p2"D, can be written in the following form 0: 



(XY - Z 2 ) 
1 



1 > 

2 



2tp 



w 2 



XY — Z 2 ' 



A 3 W 



A\P x Qi + P 2 Q 2 ) + P x Q2[{PxY{r + Q 2 ) - (Q 2 )\r + P 1 )] 



x 



PP 2 (r - QOsinh^i + QiQ 2 (r + P 2 )cosh% 



XY -Z 2 



B\ 2 
Gij 



X 



G 



Y 



22 



(r + P 1 )(r + Q 2 ) -~ ( r + P 1 )(r + Q 2 ) 
[(Q 2 ) 2 (r + A) - (Pi) 2 (r + g 2 )]cosh5isiiih5i 



sinh5icosh<5i 
G\ 2 = 



r + Pi)(r + Q 2 ) 



6, 



i.j- 



Hi 



A{r + P 1 ){r + Q 2 ) 
0, («,j^l,2), a\ 







(31) 



with 



Note that without loss of generality, one could have chosen other sets of two boosts, which 
would induce other pairs of U(l) charges, i.e., (P 2 ,Qi )> {P 2 ^\ P^), etc. All such solutions are 
related to the above generating solution through 50(2) x SO (2) C 0(2,2) and SO (2) C SL(2,R) 
transformations, i.e., subsets of the two-torus T-duality and 5-duality transformations, which do 
not affect the four-dimensional space-time. 

12 For the case Q 2 < Pi, the role of the boost parameters 5\ and 5 2 are interchanged. 

13 The generating solution which saturates the corresponding Bogomol'nyi bound (BPS-saturated 
solution), i.e., the case with f3 = and 5i finite, was also found in Ref. p^] as (an exact string) 
solution of the conformal invariance constraints for the cr-model which corresponds to the chiral-null 
model with the non-trivial four-dimensional transverse part. There, the generating solution was 
parameterized by (five) non-zero charge parameters pj- 1 ' 2 ' = Pi 2, Q^' 2 ^ = Qi,2 and = —Qi = 
q. These two (BPS-saturated) generating solutions are related to each another by subsets of 
SO(2)xSO(2) C 0(2,2) (two-torus T-duality) and50(2) C SL(2,R) (S-duality) transformations. 
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X = r 2 + [(P 2 + Q^coslA + (4 - P 1 )sinh%)r + (P 1 Q 1 sinh% + Q 2 P 2 cosh 2 5 1 ), 
Y = r 2 + ^(Pi) 2 (P 2 - g 2 )sinh 2 (5 1 + (Q 2 ) 2 (A + Qi)cosh 2 $i]r 

+ ^[(Pi^Asinh 2 ^ + (Q 2 ) 2 g 1 P 1 cosh 2 5 1 ], 
Z = \[{P X P2 + QiQ 2 )r + (P1Q1Q2 + Q 2 PiP2)]cosri5 1 sinri5 1 , 
^ = r 2 + ^[(Q 2 ) 2 (A + P 2 )cosh 2 5! + (P!) 2 (Q! - Q 2 )smh%]r 

+ ^[(g 2 ) 2 AAcosh 2 5 1 + (PO^xOasinh 2 ^], (32) 

where again A = sign(<5 2 )y / (<5 2 ) 2 cosh 2 5 1 — (P 1 ) 2 sinh 2 5 1 . 

For the sake of simplicity of the above expressions, the radial coordinate r is chosen so 
that the outer horizon is at r = (5. This solution has the following non-zero charges: 

P[ l) = P1Q2/A, Q? = (A -P2-Q1- g 2 )cosM 1 sinM 1 , 

P 2 {1) = 0, Q { 2 1} = (giQscosh 2 ^ + P a P 2 sinh a (5i)/A, 

P? ] = (Q 2 P 2 cosh 2 5 1 + Q 1 P 1 sinh 2 5 1 )/A, Q? ] = 0, 

P 2 {2) = PMQ2 -Q1-P1- P 2 )sinMicosMi/A 2 , Q® = A, (33) 

and the ADM mass formula, compatible with the BPS bound PJ2"6f, is given by: 

M ADM = ^[(Pi) 2 (P 2 - Q 2 )sinh% + (g 2 ) 2 (A + QOcosh 2 ^] 

+ (P 2 + g 2 )cosh 2 5! + {Qx - Pi)sinh 2 <5i. (34) 

Note that the solution is specified by three electric and three magnetic charges (subject to 
zero Taub-Nut constraint) associated with the Z7(l)i x t/(l)i^ x £/(l) 2 x f7 (1)2 2) Kaluza- 
Klein and the two-form fields (the superscripts 1 and 2, respectively) of the first and the 
second compactified dimension (the subscripts 1 and 2, respectively). The solution is there- 
fore parameterized by five parameters Pi,P 2 ,Qi,Q 2 and 8% as well as the non-extremality 
parameter (3. Alternatively, the configuration is specified by six charges (subject to one 
constraint) and the mass, compatible with the Bogomol'nyi bound. At this point, it seems 
to be difficult to express the generating solution in terms of physical parameters, such as 
physical charges and the ADM mass. 

Among the scalar fields (cf. fl3lD), both the dilaton ip and the axion \l/ of the complex 
scalar field S vary with r, and only the moduli of the two-torus G22, G12, -B12) in the 
moduli M (cf. @) vary with r. Note that in the limit 5i — > the solutions (|3l|) reduce to 
the generating solution with four charge parameters (p6|), only. In this case, the axion and 
the off-diagonal toroidal moduli G\ 2 and Pi 2 are turned off. 

C. 5- and T-Duality Transformations 

The additional 51 charge degrees of freedom necessary in parameterizing the most gen- 
eral static, spherically symmetric solutions are obtained through the subset of 0(6,22) 
(T-duality) and SL(2, R) (^-duality) transformations as stated before. The expressions for 
the charges after the transformations are given by: 

1 / U 6 (e u -e d ) \ 1 / U 6 (m u -m d ) \ 

s= vf T { v* ( e « + e * ) J • v = 7f " T [ u» ( m - + ™ ) J • (35) 



13 



where 



= (Q^cos 7 + P^any, Q^cos 7 + P 2 (2) sin 7 , 0, 0), ej ee (P^sinj, Q^cosj, 0, 0), 

4 4 

ee (P 1 (1) cos 7 , g| 2) sin 7 , 0^0), m T d = (P 1 (2) cos 7 + g i 1) sin 7 , P 2 (2) cos 7 + Q^emj, C^O), 
7 is the 50(2) C SL(2,R) rotational angle, U 6 E 50(6), E7 22 G 50(22), 16 is a (16 x 1)- 
matrix with zero entries, and ZY = 4= 7 6 



moduli field M are transformed to 







-h 





h 








/l6 



^ _ (*cos 7 - sin 7 ) + ie-^ooyy M' =U T ( ^ 6 °WW^ ° )u (37) 
(#sin 7 + cos 7 ) + ie-^sin 7 ' V C/ 22 / V U% 2 ) ' 

where e _¥> and M are the axion, the dilaton and the moduli field of the generating 
solutions (0). Then, the most general "string frame" metric g s ^ m9 is obtained through 
conformal transformation of the four-dimensional metric given by gf^ mg = g^/lm (S), where 
9iiv = diag(— A(r), A(r) -1 , R(r), sm 2 9R(r)) is the "Einstein frame" metric for the generating 
solutions given in ([31]). 

Since these transformations do not affect the four-dimensional "Einstein-frame" space- 
time metric, global space-time and thermal properties of the general solution are parame- 
terized in terms of the six parameters of the generating solution. The study of the global 
space-time of such solutions is the topic of the next chapter. 

In principle, one should be able to write the general solution, specified by 28 electric and 
28 magnetic charges and the ADM mass, in terms of T- and 5-duality invariant quantities. 
We shall not attempt to do that in this paper 0. 



D. Special Examples of the General Solution 



The above general solution, i.e., the generating solution accompanied with S- and T- 
duality transformations, contains as a proper subset the previously known spherically sym- 
metric black holes in the heterotic string theory. Examples, known in the literature, corre- 
spond to the cases when 8% — (Cf., Ref. PI), an d special choices of the charges Pi )2 and 
Qi,2- We conclude this section by illustrating these special cases. 

• Spherically symmetric black hole solutions in heterotic string theory with different 



dilaton-gauge coupling a p3|-p5[: 

Pi = P2 = Qi = Q2 7^ case reduces to the Reissner-Nordstrom black hole solution, 
i.e. a = 0; when three charges are non-zero and equal, the solution is that of a = 1/ y/3 
case [26fl; when only two magnetic charges [or only two electric charges] are non-zero 



For the BPS-saturated solutions, the ADM mass [||,26,22| as well as the area of the horizon (for 
the regular solutions) [03] was cast in the manifestly T- and 5-duality invariant form. 
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and equal, the solution is that of a = 1 case 0; when only one charge is non-zero, the 
solution reduces to that of a = \/3 case, which contains in the extreme limit (/? — > 0) 
as subsets (i) Pi ^ case: the Kaluza-Klein monopole solution of Gross and Perry, 
and Sorkin f27|, and {ii) P2 7^ case: H-monopole solution ||. 



Pi = P2 and Qi = Q2 solutions with imposed subsets of S- and T-duality transfor- 
mations correspond to a general class of axion-dilaton black hole solutions found by 
Kallosh and Ortin |J. 

The solutions with Qi and Q2 non-zero, when supplemented by S- and T-duality 
transformations, correspond to a general class of electrically charged black holes in 
heterotic string constructed by Sen 0. The ^-duality counterpart of such general 
class of solutions is the purely magnetically charged solutions found by Behrndt and 
Kallosh |28|. 



The non- super symmetric extreme solutions, i.e., those with (3 — > 0, P2 = Qi = 0, 
IQ2I - I -Pi I -> and 61 -> 00, while keeping pe 2 ^ and (\Q 2 \ - |Pi|)e 2|<511 as finite 
parameters, reduce to the extreme dyonic five-dimensional Kaluza-Klein black hole 
studied in Ref . pi , after S- and T-duality transformations are imposed. 



IV. GLOBAL SPACE-TIME STRUCTURE AND THERMAL PROPERTIES OF 

THE SOLUTIONS 

We shall now classify all the possible global space-time and thermal properties of the 
obtained solutions. Since the subsets of 0(6,22) and SL(2,R) transformations leave the 
four- dimensional (Einstein frame) space-time metric invariant, it is sufficient to consider, for 
that purpose, the generating solution specified by (|3TD. Therefore, all the possible space- 
time properties of the solutions are determined by six parameters Pip, Qx,2, Si and the non- 
extremality parameter (3. In the following we first discuss the global space-time properties, 
and then the thermal properties of the solutions. We separate the solutions into non-extreme, 
i.e., when (3 > 0, and extreme ones, i.e., when (3 = 0. Within each class we then analyze 
their properties according to the range of five parameters Pi )2 , Qi$ and Si. 



5 In the following analysis it is understood that Q2 7^ 0, always when 5i 7^ 0. In the case 
when Q2 = 0, Pi has to be zero automatically due to our initial assumption that IQ2I > |-Pl|- 
Then, the zero Taub-Nut constraint (|29| ) does not restrict the values of Sip. In this case, we 
have non-extreme four-parameter solution with non-zero charges given by P^ 1 , P 2 ^ , Qi and , 
equivalently parameterized by Qi, P2, and Si 2. Such solutions can be related to the generating 
solutions through the subsets of SO(2) x 50(2) C 0(2,2) C 0(6,22) and 50(2) C SL(2,R) 
transformations. 
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A. Global Space-Time Structure 



The singularity structure can be explored by studying the explicit form (RTF) of the four- 
dimensional metric (|17D. The Ricci scalar curvature blows up at the point (r = r sing ) where 



R = 0, thus corresponding to the space-time singularity. The horizon(s) form at the point (s) 
{t = fhor±) where A = 0, provided rh or ± > r sing . We shall now explore the global space-time 
properties for the two classes of solutions. 

(i) Non- extreme solutions ((3 > 0) 



Recall that we shall consider only the case where both pairs (Pi, P2) and (Qi, Q2) have the 

same relative signs (and consequently A = + \J P 2 + f3 2 , etc. with plus signs in the hated 
quantities), since only for this case the ADM mass is compatible with the Bogomol'nyi 
bound for any values of (3 Q. By analyzing the roots of XY — Z 2 (cf. (|3l|), (|3^)), one can 
see that the singularity always takes place at r sing < —(3. On the other hand the zero(s) of 
A, corresponding in principle to the outer and/or inner horizons, are at r/j 0r+ = f3 and/or 
r hor _ = —/3, respectively. Thus, the global space time of non-extreme solutions is that of 
non-extreme Reissner-Nordstrom black holes when r sing < —/3, and that of Schwarzschild 
black hole when r sing = —(3. 

The single root of XY — Z 2 at r sing = —(3 takes place, in which case the singularity and 
the inner horizon coincide at r = —(3, when (a) 5\ 7^ and P\ = 0, or (b) 5i = and least 
one of P\ t 2 and Qi,2 is zero. On the other hand, the double root of XY — Z 2 at r sing = —(3 
takes place, in which case the inner horizon disappears and the singularity forms at r = — f3, 
when (a) 5i 7^ and only Q 2 is non-zero, or (6) 5i = and at least two of Pi j2 , Qi,2 are zero. 

(ii) Extreme solutions ((3 — > 0) 

When the boost parameter 5± is finite, these solutions saturate the Bogomol'nyi bound, 
i.e., they correspond to supersymmetric extreme solutions. 

When both pairs of (P 1 ,P 2 ) and (Qi,Q2) have the same relative signs, the singularity 
always takes place at r sing < 0. The inner and outer horizons coincide at rh or + = fhor- = 0. 
Global space-time of such supersymmetric extreme solutions is therefore that of the extreme 
Reissner-Nordstrom black holes when r sing < 0, or the singularity and the horizon coincide 
when r sing = r hor ± = 0. The latter case happens when at least one out of Pi 2 , Q\ (and Q 2 ) 
parameters is zero with 5i 7^ (with Si = 0). The horizon at r^ or . = disappears when only 
Q2 is non-zero with 5\ 7^ (or when only one out of Pi,2,Qi,2 parameters is non-zero with 
6i = 0). 



In the case when only one of the pairs has opposite sign, the ADM mass is compatible with 
the Bogomol'nyi bound for the restricted range of (3 [pLOfl , only. (See also the footnote 9.) When 
both of the pairs have the opposite signs, the ADM mass is always less than the ADM mass of the 
corresponding supersymmetric solution for any (3 > 0. 
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In the case of at least one of the pairs (Pi, P 2 ) and (Qi, Q2) having the opposite relative 
sign, the singularity at r sing > is naked f30lj3l|| . 

There also exist non- super symmetric extreme solutions, i.e., those with (3 — > but with- 
out saturating the Bogomol'nyi bound. To obtain such solutions, one sets P 2 = Qi = 0, and 
takes the limits (3 -> 0, |Q 2 |-|-Pi| -> and Si -> 00, while keeping /3e 2|<511 and (|Q 2 |-|Pi|)e 2|<511 
as finite parameters. In this case the time-like singularity is at r S i ng < rh or = 0, i.e., the 
global space-time is that of the extreme Reissner- Nordstrom black holes. 



B. Thermal Properties of the Solutions 



Thermal properties of the solution (|31|) are specified by the four-dimensional space-time 
at the event horizon (r = r/ lor+ ). All the non-extreme solutions ((3 > 0) (compatible with 
the Bogomol'nyi bound) are regular solutions with the event horizon at rh or + = f3. 

The entropy S of the system, determined as S = irR(r — 0), is of the following form 



^ - \K\ 



(Q 2 + (3) (A + /3)cosh 2 5i + (A + (3) (Qi - /3)sinh% x 
(Q 2 ) 2 (Qi + + i3)cosh% + (P0 2 (g 2 + (3){P 2 - P)smh 2 S 1 



PiP 2 (Q 2 + 13) + QiQ 2 (A + P) cosh'^sinh 2 ^ 



(38) 



where again A = sign(Q 2 ) A /(g 2 ) 2 cosh 2 ( 5 1 - (P^^inh 2 ^ and A = +^Pl + (3 2 , etc. The 
entropy increases with S±, approaching infinity [finite value] as Si —>■ 00 [non-supersymmetric 
extreme limit is reached]. For the supersymmetric extreme solutions, the entropy is (a) non- 
zero and finite, approaching infinity as 5i — > 00, when Pi 2 and Qi,2 are non-zero, and (b) 
always zero when at least one of Pi i2 , Qi (and Q2) is zero with Si 7^ (with Si = 0). 
The Hawking temperature T# = |<9 r A(r = /3)|/47r is given by 



T, 



H 



V2 b 



(39) 



As the boost parameter Si increases, the temperature Th decreases, approaching zero tem- 
perature. In the supersymmetric extreme limit with at least three of Pi j2 , Qi^, parameters 
non-zero, the temperature is always zero. With two of them non-zero, the temperature 
is non-zero and finite, approaching zero as Si — > 00. When only one of them is non- zero 
(only Q2 is non-zero for the case Si 7^ 0), the temperature becomes infinite. In the non- 
supersymmetric extreme limit, the temperature is zero. 

For the most general solution, it should be possible to write both the entropy (|38D and the 
temperature ( p9|) in the T- and 5-duality invariant form, in terms of conserved (quantized) 
28 electric charge a and 28 magnetic charge (3 vectors, the asymptotic values of the moduli 
matrix M (cf. ([!])), and the dilaton-axion fields ip and In this case one would be able to 
address the dependence of the above thermal quantities on the asymptotic values of moduli 
and the couplings 



17 Note that in the supersymmetric limit, the entropy (38) has been cast \22\ in such a form and 
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V. CONCLUSIONS 



In this paper, we obtained the most general static spherically symmetric solutions 
(compatible with no-hair theorem) of the effective four- dimensional heterotic string the- 
ory compactified on a six-torus, by performing a subset of 0(8,24) transformations on the 
Schwarzschild solution. Here 0(8,24) is the symmetry of the effective three-dimensional 
action of heterotic string, suitable for describing the stationary solutions of the four- 
dimensional heterotic string action. We provided an explicit sequence of symmetry trans- 
formations, which should be imposed on the Schwarzschild solution, in order to obtain the 
most general solution in this class. 

We gave the explicit form of the generating solution. It was obtained by performing a 
sequence of six 50(1, 1) C 0(8, 24) boosts on the Schwarzschild solution, with the zero Taub- 
NUT charge constraint imposing one constraint among two boost parameters. The gener- 
ating solution is therefore parameterized by six parameters: the mass of the Schwarzschild 
black hole and the six boost parameters,two of which subject to one constraint. Equiva- 
lently, these six parameters can be traded for the ADM mass of the generating solution and 
three electric and three magnetic charges (subject to zero Taub-NUT charge constraint), 
which are associated with the Kaluza-Klein and two-form gauge fields of the two compact- 
ified coordinates. The non-trivial scalar fields are the dilaton and the axion field, and the 
moduli of the two-torus. 

The general solution, which are parameterized by unconstrained 28 magnetic and 28 
electric charges and the ADM mass compatible with the Bogomol'nyi bound, is obtained by 
imposing on the generating solution fifty [50(6) x SO (22)]/ [SO (4) x 50(20)] C 0(6,22) 
transformations and one 5*0(2) C SL(2, R) transformation. Here 0(6, 22) and SL(2, R) are 
the T- and 5-duality symmetries of the effective four- dimensional heterotic string action. 
The above subset of T-duality transformations rotates the electric charges and like-wise 
magnetic charges as well as the moduli fields, while the above 5-duality transformation 
rotates each electro-magnetic charge combination and the dilaton-axion field. Both subsets 
of transformations, however, do not affect the (Einstein frame) four-dimensional space-time, 
and thus the space-time properties of the whole class of solutions are determined by six 
parameters of the generating solution, which in turn enabled one to analyze explicitly their 
global space-time structure and thermal properties. 

The work also sets a stage for addressing the moduli and coupling dependence of the 
thermal quantities for the general class of static spherically symmetric configurations, which 
may in turn shed light on quantum aspects of black holes in string theory. 



is independent of the the moduli and couplings, as anticipated in Ref. |]32| . We notice that for non- 
extreme solutions ((3 > 0) this is not the case anymore, and the entropy depends on the asymptotic 
values of the scalar fields. 
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